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ABSTRACT
This paper explores a fully unsupervised deep learning approach for computing distance-preserving maps

that generate low-dimensional embeddings for a certain class of manifolds. We use the Siamese configura-
tion to train a neural network to solve the problem of least squares multidimensional scaling for generating
maps that approximately preserve geodesic distances. By training with only a few landmarks, we show a
significantly improved local and non-local generalization of the isometric mapping as compared to analogous
non-parametric counterparts. Importantly, the combination of a deep-learning framework with a multidi-
mensional scaling objective enables a numerical analysis of network architectures to aid in understanding
their representation power. This provides a geometric perspective to the generalizability of deep learning.

MULTIDIMENSIONAL SCALING
Classical Scaling: Isomap (Schwartz et al., 

1998, Tenenbaum et al., 2000)
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4 Subspace LS-MDS

Subspace methods are also common in numerical optimization to accelerate and
stabilize optimization algorithms. A review can be found here [32]. It is also worth
mentioning the work of [19] which uses the cotangent Laplacian as a proxy for the
Hessian in various geometric optimization problems. Ours is a similar but different
approach. We employ a subspace method which effectively projects the Hessian on the
subspace of the leading eigenvectors of the Laplacian, thus solving a series of small
dimensional problems, rather than approximate the Hessian using the Laplacian while
retaining the dimension of the original problem.

3 LS-MDS and stress minimization

Given an N ⇥N symmetric matrix D of dissimilarities, least squares MDS (LS-MDS)
is an MDS model that looks for an Euclidean embedding X 2 RN⇥m by minimizing
the stress function (1). The latter can be minimized by nonlinear optimization tech-
niques, e.g. gradient descent5. One particularly elegant and popular algorithm is SMA-
COF [12,8] – a majorization-minimization type algorithm which can be shown equiv-
alent to gradient descent with a specific choice of the step size [8]. In light of that,
we consider it as a representative for the class of first order methods for the minimiza-
tion of (1). The idea is to use the Cauchy-Schwarz inequality to construct a majorizing
function h(X,Z) for the stress, obeying h(X,Z) � �(X) for every X and Z and
h(X,X) = �(X). To do so, one should first note that (1) can be written alternatively
as

�(X) = tr(XTVX) � 2tr(XTB(X)X) +
X

i<j

wijd
2
ij (3)

where V and B(X) are symmetric row-and column-centered matrices given by

vij =

8
<
:
�wij i 6= jX

k 6=i

wik i = j (4)

bij =

8
>>><
>>>:

�wijdijkxi � xjk�1 i 6= j,xi 6= xj

0 i 6= j,xi = xj

�
X

k 6=i

bik i = j,
(5)

and define

h(X,Z) = tr(XTVX) � 2tr(ZTB(Z)X) +
X

i<j

wijd
2
ij , (6)

which is a convex (quadratic) function in X. Therefore, if we use the following iteration

Xk+1 = argmin
X

h(X,Xk) = V†BkXk =

✓
V +

1

N
11T

◆�1

BkXk, (7)

5 Note also that (1) is not differentiable everywhere.

Xk+1 =
1

N
HB(Xk)Xk
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X⇤ = argmin
X2RN⇥m

X

i<j

(||Xi � Xj || � dij)
2
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Figure 7. Unrolling the Swiss roll: a few iterations of the MG-MDS. The resulting points in R3 are
visualized as a surface using Phong shading. Shown is a problem of size 2145.

of the MG-MDS algorithm, which unroll the Swiss roll very quickly into a surface which
looks approximately like a planar patch (due to numerical inaccuracies in geodesic distance
computation, the Swiss roll is not exactly isometric to a planar patch). Figure 8 shows the
convergence of SMACOF, BFGS and MG-MDS V(3,3) cycle on the problem of size 2145.
Figure 9 shows the convergence of SMACOF, BFGS and diÆerent MG-MDS cycles on the
problem of size 1089.

Table II. Experiment Ia: Comparison of MG-MDS, SMACOF and BFGS algorithms on the Swiss roll
isometric embedding problems of diÆerent sizes, initialization with the original points in R3. Overall

execution time shown in seconds (±10%), overall complexity shown in MFLOPs.

N
SMACOF BFGS MG-MDS V(3,3)-cycle, R = 3

Iter. Time Complexity Iter. Time Complexity Iter. Time Complexity
289 293 30.83 760.88 94 37.22 943.63 7 5.42 125.69
561 350 130.14 3.42 £ 103 115 201.41 5.09 £ 103 6 15.84 403.74
1089 340 452.58 1.25 £ 104 118 804.37 2.04 £ 104 6 56.20 1.51 £ 103

2145 341 2.13 £ 103 4.88 £ 104 134 3.76 £ 103 9.03 £ 104 6 211.76 5.86 £ 103

6.2. Embedding a facial surface

In the second experiment, we computed the expression-invariant representation of the face of
one of the authors by isometrically embedding it into R3. The surface containing 5263 points
was given parametrically; the parameterization domain had a non-convex shape. A hierarchy
of grids with three resolution levels (containing 1977, 492 and 128 points, respectively) was
constructed by the furthest point sampling algorithm. This is a problem of slightly smaller
scale than those encountered in the 3D face recognition applications (typically, N º 2500).
Parametric fast marching [37] was used to compute the approximate geodesic distances on the
surface in full resolution (5263 points).
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Least Squares Scaling: SMACOF
(J.D.Leeuw, P Mair, 2011)
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<latexit sha1_base64="ak2mxkpjA6A7qkNLSDlj09hW0/o=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6EUQpIL9gDaUzXbSLt1swu5GKKE/wosHRbz6e7z5b9y2OWjrCwsP78ywM2+QCK6N6347hbX1jc2t4nZpZ3dv/6B8eNTScaoYNlksYtUJqEbBJTYNNwI7iUIaBQLbwfhmVm8/odI8lo9mkqAf0aHkIWfUWKt9R3pCkPt+ueJW3bnIKng5VCBXo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXoqQRaj+brzslZ9YZkDBW9klD5u7viYxGWk+iwHZG1Iz0cm1m/lfrpia88jMuk9SgZIuPwlQQE5PZ7WTAFTIjJhYoU9zuStiIKsqMTahkQ/CWT16F1kXVs/xwWalf53EU4QRO4Rw8qEEdbqEBTWAwhmd4hTcncV6cd+dj0Vpw8plj+CPn8wcvz47N</latexit><latexit sha1_base64="ak2mxkpjA6A7qkNLSDlj09hW0/o=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6EUQpIL9gDaUzXbSLt1swu5GKKE/wosHRbz6e7z5b9y2OWjrCwsP78ywM2+QCK6N6347hbX1jc2t4nZpZ3dv/6B8eNTScaoYNlksYtUJqEbBJTYNNwI7iUIaBQLbwfhmVm8/odI8lo9mkqAf0aHkIWfUWKt9R3pCkPt+ueJW3bnIKng5VCBXo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXoqQRaj+brzslZ9YZkDBW9klD5u7viYxGWk+iwHZG1Iz0cm1m/lfrpia88jMuk9SgZIuPwlQQE5PZ7WTAFTIjJhYoU9zuStiIKsqMTahkQ/CWT16F1kXVs/xwWalf53EU4QRO4Rw8qEEdbqEBTWAwhmd4hTcncV6cd+dj0Vpw8plj+CPn8wcvz47N</latexit><latexit sha1_base64="ak2mxkpjA6A7qkNLSDlj09hW0/o=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6EUQpIL9gDaUzXbSLt1swu5GKKE/wosHRbz6e7z5b9y2OWjrCwsP78ywM2+QCK6N6347hbX1jc2t4nZpZ3dv/6B8eNTScaoYNlksYtUJqEbBJTYNNwI7iUIaBQLbwfhmVm8/odI8lo9mkqAf0aHkIWfUWKt9R3pCkPt+ueJW3bnIKng5VCBXo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXoqQRaj+brzslZ9YZkDBW9klD5u7viYxGWk+iwHZG1Iz0cm1m/lfrpia88jMuk9SgZIuPwlQQE5PZ7WTAFTIjJhYoU9zuStiIKsqMTahkQ/CWT16F1kXVs/xwWalf53EU4QRO4Rw8qEEdbqEBTWAwhmd4hTcncV6cd+dj0Vpw8plj+CPn8wcvz47N</latexit><latexit sha1_base64="ak2mxkpjA6A7qkNLSDlj09hW0/o=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6EUQpIL9gDaUzXbSLt1swu5GKKE/wosHRbz6e7z5b9y2OWjrCwsP78ywM2+QCK6N6347hbX1jc2t4nZpZ3dv/6B8eNTScaoYNlksYtUJqEbBJTYNNwI7iUIaBQLbwfhmVm8/odI8lo9mkqAf0aHkIWfUWKt9R3pCkPt+ueJW3bnIKng5VCBXo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXoqQRaj+brzslZ9YZkDBW9klD5u7viYxGWk+iwHZG1Iz0cm1m/lfrpia88jMuk9SgZIuPwlQQE5PZ7WTAFTIjJhYoU9zuStiIKsqMTahkQ/CWT16F1kXVs/xwWalf53EU4QRO4Rw8qEEdbqEBTWAwhmd4hTcncV6cd+dj0Vpw8plj+CPn8wcvz47N</latexit>

eD 2 RK⇥K
<latexit sha1_base64="MoRuqBrcBAkyMhQ8tXvHHdfZaog=">AAACEnicbVA9SwNBEN2L3/Hr1NJmMQjayJ0IWga1EGyimETIxbC3N9Ele3vH7pwSjvsNNv4VGwtFbK3s/DduPgq/Hgw83pthZl6YSmHQ8z6d0sTk1PTM7Fx5fmFxadldWW2YJNMc6jyRib4MmQEpFNRRoITLVAOLQwnNsHc08Ju3oI1I1AX2U2jH7FqJruAMrdRxt4M7EQEKGUF+XNBAKBrEDG/CMD8vrvJTGqCIwdDTouNWvB1vCPqX+GNSIWPUOu5HECU8i0Ehl8yYlu+l2M6ZRsElFOUgM5Ay3mPX0LJUMbunnQ9fKuimVSLaTbQthXSofp/IWWxMPw5t5+Bc89sbiP95rQy7B+1cqDRDUHy0qJtJigkd5EMjoYGj7FvCuBb2VspvmGYcbYplG4L/++W/pLG741t+tlepHo7jmCXrZINsEZ/skyo5ITVSJ5zck0fyTF6cB+fJeXXeRq0lZzyzRn7Aef8CNtWdyQ==</latexit><latexit sha1_base64="MoRuqBrcBAkyMhQ8tXvHHdfZaog=">AAACEnicbVA9SwNBEN2L3/Hr1NJmMQjayJ0IWga1EGyimETIxbC3N9Ele3vH7pwSjvsNNv4VGwtFbK3s/DduPgq/Hgw83pthZl6YSmHQ8z6d0sTk1PTM7Fx5fmFxadldWW2YJNMc6jyRib4MmQEpFNRRoITLVAOLQwnNsHc08Ju3oI1I1AX2U2jH7FqJruAMrdRxt4M7EQEKGUF+XNBAKBrEDG/CMD8vrvJTGqCIwdDTouNWvB1vCPqX+GNSIWPUOu5HECU8i0Ehl8yYlu+l2M6ZRsElFOUgM5Ay3mPX0LJUMbunnQ9fKuimVSLaTbQthXSofp/IWWxMPw5t5+Bc89sbiP95rQy7B+1cqDRDUHy0qJtJigkd5EMjoYGj7FvCuBb2VspvmGYcbYplG4L/++W/pLG741t+tlepHo7jmCXrZINsEZ/skyo5ITVSJ5zck0fyTF6cB+fJeXXeRq0lZzyzRn7Aef8CNtWdyQ==</latexit><latexit sha1_base64="MoRuqBrcBAkyMhQ8tXvHHdfZaog=">AAACEnicbVA9SwNBEN2L3/Hr1NJmMQjayJ0IWga1EGyimETIxbC3N9Ele3vH7pwSjvsNNv4VGwtFbK3s/DduPgq/Hgw83pthZl6YSmHQ8z6d0sTk1PTM7Fx5fmFxadldWW2YJNMc6jyRib4MmQEpFNRRoITLVAOLQwnNsHc08Ju3oI1I1AX2U2jH7FqJruAMrdRxt4M7EQEKGUF+XNBAKBrEDG/CMD8vrvJTGqCIwdDTouNWvB1vCPqX+GNSIWPUOu5HECU8i0Ehl8yYlu+l2M6ZRsElFOUgM5Ay3mPX0LJUMbunnQ9fKuimVSLaTbQthXSofp/IWWxMPw5t5+Bc89sbiP95rQy7B+1cqDRDUHy0qJtJigkd5EMjoYGj7FvCuBb2VspvmGYcbYplG4L/++W/pLG741t+tlepHo7jmCXrZINsEZ/skyo5ITVSJ5zck0fyTF6cB+fJeXXeRq0lZzyzRn7Aef8CNtWdyQ==</latexit><latexit sha1_base64="MoRuqBrcBAkyMhQ8tXvHHdfZaog=">AAACEnicbVA9SwNBEN2L3/Hr1NJmMQjayJ0IWga1EGyimETIxbC3N9Ele3vH7pwSjvsNNv4VGwtFbK3s/DduPgq/Hgw83pthZl6YSmHQ8z6d0sTk1PTM7Fx5fmFxadldWW2YJNMc6jyRib4MmQEpFNRRoITLVAOLQwnNsHc08Ju3oI1I1AX2U2jH7FqJruAMrdRxt4M7EQEKGUF+XNBAKBrEDG/CMD8vrvJTGqCIwdDTouNWvB1vCPqX+GNSIWPUOu5HECU8i0Ehl8yYlu+l2M6ZRsElFOUgM5Ay3mPX0LJUMbunnQ9fKuimVSLaTbQthXSofp/IWWxMPw5t5+Bc89sbiP95rQy7B+1cqDRDUHy0qJtJigkd5EMjoYGj7FvCuBb2VspvmGYcbYplG4L/++W/pLG741t+tlepHo7jmCXrZINsEZ/skyo5ITVSJ5zck0fyTF6cB+fJeXXeRq0lZzyzRn7Aef8CNtWdyQ==</latexit>

Farthest Point Sampling

Landmark MDS (V.D Silva, J. Tenenbaum 2004, 
Bengio et. al 2004 )

Main Idea: Perform Classical Scaling on a smaller distance matrix.
Interpolate the embeddings of the rest based on geodesic distance
estimates to the Landmarks

X(p) =

i=KX

i=1

X(pi)K̃(p, pi) K(p, pi) / d2
avg � d2(p, pi)

Spectral Multidimensional Scaling (Y.Aflalo, R 
Kimmel (2013))

Main Idea: Use the Eigenfunctions of the Laplace Beltrami Operator
to approximate distance functions in a Classical scaling MDS framework

L = �⇤�TD ⇡ �↵�T

↵ 2 RK⇥K

Question: Can we redesign the sparse MDS problem with deep learning?
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TRAINING CONFIGURATION AND ORDER OF ACCURACY

X1 X2

Y1 = S⇥(X1) Y2 = S⇥(X2)

Parameter 
Sharing

Network 1 Network 2

S⇥(.) S⇥(.)

Cost

Geodesic Distance : d

L(⇥) = ( ||S⇥(X1) � S⇥(X2)|| � d )2

EVALUATION OF VARIOUS SPARSE MDS METHODS

I↵1,↵2
(u, v) = 1{v ↵1,↵2 (u)}

 ↵1,↵2
(u) = ↵1 sin(!1u) + ↵2 sin(!2u)

Isometric to Euclidean Space! (D. 
Donoho, C. Grimes, 2005)

DIMAL Landmark MDS

Out-of-Sample Extension

Articulation Manifolds

Comparison between various sparse MDS
methods. All methods input the same sparse
distance matrix

EXTENSIONS: CONFORMAL FISHBOWL


